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Periodic Propellant Flames and Fluid-Mechanical Effects

T. L. Jackson,¤ J. Buckmaster,† and A. Hegab‡

University of Illinois at Urbana–Champaign, Urbana, Illinois 61801

We construct the combustion � eld generated by a periodic reactant supply that models the supply from a
heterogeneous propellant. A full accounting of the � uid mechanics is incorporated. However, solutions differ little
from those generated asssuming a uniform mass � ux (the constant density model). On the other hand, allowing for
temperature-dependent transport (power law or Sutherland’s law) strongly affects the reaction rate and the heat
� ux to the propellant surface. The effects of nonuniform mass � ux at the propellant surface are discussed, such
nonuniformity arising, for example, because of the different densities of the oxidizer and binder. And we discuss
the effects of hills and valleys in the propellant surface.

Nomenclature
D = Damköhler number
e = internal energy
h = enthalpy
L = half-period of the grain
M = mass � ux
M = Mach number
p = pressure
T = temperature
TBS = Burke–Schumann � ame temperature
u; v = velocity components
X = mass fraction of oxidizer (gas phase)
Y = mass fraction of fuel (gas phase)
¯ = supply stoichiometric ratio
± = scaled Damköhler number
¹ = viscosity
. /0 = surface values

Introduction

T HERE has long been an interest in understanding the nature
of the combustion � eld supported by a heterogeneous propel-

lant, and there have been many important contributions to this sub-
ject. Notable is the � ame structure proposed by Beckstead, Derr,
and Price (the BDP model1 ), and various improvements of this,
e.g., Refs. 2 and 3, and a number of one-dimensionalmodels, e.g.,
Refs. 4–6.

The BDP model is characterizedby a de� agration sitting over the
ammonium perchlorate (AP), a primary diffusion � ame supported
by AP and binder gases and the � nal diffusion � ame supported by
AP de� agration products and binder gases. A signi� cant correc-
tion to this picture is implicit in the recognition by Price, Lee, and
colleagues7 of what he calls the leading-edge-�ame and what one
of us, in a general combustion context, calls the edge-� ame.8;9 This
is the edge structure—a region where reactant mixing is important,
neithera de� agrationnora diffusion� ame—thatexistswhena diffu-
sion � ame has an edge. In the propellantcontext this edgeoccursbe-
cause the diffusion� ame cannot extend all of the way to the surface,
the temperature there being too low. The maximum reaction rate
within the edge-� ame is greater than in the trailing diffusion � ame.

A second correction to the BDP picture is implicit in the results
of elementary � ame modeling.10;11 The use of � ux conditions at
the propellant surface (rather than Dirichlet data) together with the
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stoichiometric requirement for large amounts of oxidizer causes the
stoichiometriclevel surface(SLS) in a mixture-fractionformulation
to intersect the surface on the AP, not at the AP/binder boundary,
and the diffusion � ames must lie on the SLS, if it is assumed that
the oxidizer and fuel Lewis numbers are equal.

A third correction, long recognized, is apparent when one exam-
ines the natureof a typicalAP mix. Miller12 describesthe propellant
SD-1-88-17,for example,consistingof 30% by weight of 90 micron
AP particles and 40% by weight of 20 micron particles. Of course,
the distribution is not bimodal. In a typical 20 micron AP batch
examined at the Thiokol Corporation (private communication with
R. Bennett, March 2000), 30% by weight is smaller than 7 microns;
overall there is a heavy bias in the distribution toward � ne pow-
der. This powder, mixed with the binder, will generate a fuel-rich
mixture near the surface that can support a de� agration, rather than
individualdiffusion� ames. (The disappearanceof the SLS for small
Peclet number particles is discussed in Ref. 11.)

What these various corrections or modi� cations suggest is that
real propellant � ames are complexcreatureswhose structurecannot
reliably be guessed, even with substantial physical insights. There
is no substitute for numerical simulations.

We have published a number of papers11;13;14 (see also Ref. 15)
that examine simple models relevant to the combustion � eld which
is supported by a heterogeneous propellant, part of a systematic
study of this subject, of ever-increasing complexity. Our goal is to
describe the three-dimensionalcombustion� eld, accountingfor AP
de� agration and AP/binder reaction, the nonuniform regression of
the propellant surface, nonuniformmass � ux from the surface (par-
ticularly that arising from the fact that the AP density is roughly
double that of the binder), the hills and valleys in the propellant
surface arising from the nonuniform regression, heat conduction
within the solid, the effects of pressure and velocity � uctuations
in the chamber gases, etc. Among other things this requires the nu-
mericaldescriptionof the randompropellantmorphology(a packing
model), something that has not yet been addressed by the commu-
nity. (The work of Ref. 16 is an exception,but morphologiesare not
explicitly described.)

The general problem is a dif� cult one, and we are engaged in an
incremental approach partly designed to explore the various phys-
ical ingredients, to gain some sense of what is important and what
might not be. An example is the analysis of Ref. 13 in which the
effects of a shear � ow on an isolatedAP/binder � ame are examined,
and it is shown that there is a signi� cant effect on the heat � ux to the
surface. It could be argued that this is relevant to the heat � ux near
the boundariesof large AP particles randomly distributedin a three-
dimensionalpropellant.On the other hand, similar calculations(not
reported) carried out for a periodic propellant of the kind discussed
in Ref. 14 (and one that we examine in the present paper) reveal
a negligible effect. Which result is relevant to three-dimensional
random propellants is not clear at this time. Should shear not be
signi� cant in the � nal analysis, it is unlikely, in our opinion, that
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erosive burning can be attributed to the penetration of turbulence
to the wall vicinity with a concomitant enhancement of diffusiv-
ity (the mixing length phenomenon). The � ame structure sits very
close to the surface, and it is dif� cult to see how eddies, small on
this scale, could penetrate undissipated against the convective � ow
from the surface. A more likely scenario is that large eddies drive
the � ame toward the surface in some regions, pull it back in others,
and the net effect on the heat � ux averaged over an area greater
than that characteristic of a single eddy is positive. These eddies
might be generated by � uctuations in the � ux from the surface as-
sociated with small-scale casting irregularities, or by the roll up of
acoustically generated wall shear layers.17;18 The calculation of the
effect of various � ow-� elds on heterogeneous propellant � ames is
incomplete.

All of the work that we have done so far adopts the constant-
density model. (This is standard terminology in the combustion
community but perhaps misleading in the present context—see the
later remarks.) In this model a solenoidal velocity � eld is assigned
that affects the thermal � eld and the reactant � elds, but fails to
account for the effect of thermal expansion on the � ow� eld. This
model is a useful one, of proven ef� cacy, but cannot be used in
a true simulation, our ultimate goal, and so here we describe the
� rst results obtained when a complete coupling between the com-
bustion processes and the � ow� eld is accounted for. Speci� cally,
we examine a one-dimensional periodic propellant that supports a
two-dimensional combustion � eld, a sequel to the constant density
study of Ref. 14.

As we have already noted in our discussion of the BDP model,
even in the absence of metal particles there are several kinds of
gas-phase � ames in the combustion � eld of a heterogeneous pro-
pellant. One of these is the AP decomposition � ame, essentially a
one-dimensional de� agration that sits close to the AP surface. Its
importance lies in the fact that much of the AP surface receives lit-
tle heat from the other two � ames,14 and so it strongly controls the
surface regression.

A second � ame is the diffusion � ame that is supportedby binder
gases and the products of the AP decomposition � ame. Signi� cant
heat can be generated in this � ame, but little, if any, is conducted
back to the propellant surface, as its elements stand off too far from
the surface. More precisely, the Peclet number based on the stand-
off distance of any element is large so that the convective heat � ux
directed away from the surface is much greater than the conductive
heat � ux directed toward the surface.

A third type of � ame is the edge � ame de� ned by the edge of
the diffusion � ame. Unbounded edge � ames (also known, unfortu-
nately, as triple � ames, a locution that should be abandoned) have a
well-de� ned propagation speed (positive or negative, according to
the value of the Damköhler number19;20), and so it is useful, per-
haps, to think of the edge � ame as the component of the diffusion-
� ame/edge-� ame duo that maintains the position of this duo in the
wind from the propellant surface, although there are dangers in this
view. The importanceof the edge � ame is that it provides the heat to
the part of the surface which is not heated by the AP decomposition
� ame and so provides heat to the fuel binder. It can only perform
this necessary service if the Peclet number de� ned by its standoff
distance has order of magnitude one or smaller.

Our concern in the earlier work and in the present paper is with
the edge � ame, with its structure, shape, and position, and the sur-
face heat � ux that it generates. For that reason we do not include
the model ingredients necessary to support the AP decomposition
� ame. Explicit justi� cation for this comes if we assume that the AP
� ame is so close to the surface that it can be simply be regarded
as a surface ingredient. And then, because we shall only examine
the gas phase, imposing simple boundary conditions at the propel-
lant surface, speci� cation of the surface temperature being one of
them, the role of the AP � ame is merely implicit. It generates heat,
but the sole impact of this heat is to sustain the prescribed surface
temperature.

Coupling of the gas-phase/solid-phase processes is a crucial in-
gredient in the calculationof the surface regressionbut is something
that we defer to a later study. In its stead, we specify the mass � ux

(not necessarily uniform) at the surface, and we explore a number
of issues. We are concerned with the error introduced by using the
constant density model, as it is an attractive tool for examining the
three-dimensional problem, with the role played by temperature-
dependent transport, with the effects of varying surface mass � ux
arising from the different densities of AP and binder, and with the
effects of surface irregularites (hills and valleys) on the combustion
� eld.

Constant-Density Model
It is useful to summarize the formulation of the constant density

model before addressing the complete problem, as this enables us
to introduce most of the model ingredients together with various
convenient scalings in the context of a modest set of equations.

The speci� c details of the constant-densitymodel for our prob-
lem are as follows: the density is set equal to a constant (so that
the equation of state, Charles’s law, is jettisoned); and a uniform
velocity � eld u D 0, v D constant is adopted, which satis� es both
the continuityequationand the momentum equation.Then the mass
� ux ½v is constant, and the model is merely a variation on that pro-
posed by Burke and Schumann in 1928 (Ref. 21). (An alternative
and essentiallyequivalentformulationis to permitdensityvariations
via the equation of state, but set the mass � ux equal to a constant,
satisfyingcontinuitybut jettisoningthe momentumequation). Then,
with the adoption of one-step Arrhenius kinetics, the equations for
the temperature T and the oxidizer X and fuel Y concentrationsare

M
@

@x
.C pT; X; Y / D ½ Dr2.C pT ; X; Y /

C .Q; ¡®X ; ¡®Y /B XY e¡E=RT (1)

where we have assumed that both Lewis numbers are equal to one.
These equationsare nondimensionalizedusing L , the half-period

of the periodic grain con� guration, and T0, the surface temperature
(the temperature at y D 0). At the same time we write X D ®X

LX ,
Y D ®Y

LY , and then

@

@ Lx
. LT ; LX ; LY / D 1

Pe
Lr2. LT ; LX ; LY / C D. LQ; ¡1; ¡1/ LX LY e¡µ= LT (2)

where

Pe D ML=½D; LQ D Q=Cp T0

D D ®X ®Y B L=M; µ D E=RT0

It is convenient to write

D D ±e20 (3)

In all calculationsof the present type, the Peclet number Pe plays
a vital role, and it is noteworthy that this role is not discussed in the
most recent compilation of solid propellant combustion theory.22

The periodic propellant con� guration is shown in Fig. 1. Bound-
ary conditions are applied at the surface Ly D 0 and are

LT D 1; LX ¡ 1
Pe

@ LX
@ Ly

D LXs or 0

LY ¡ 1
Pe

@ LY
@ Ly

D LYs or 0 (4)

Fig. 1 Periodic propel-
lant con� guration.
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where LXs D X s=®X , LYs D Ys=®Y , and Xs is the fraction of AP that
is X and Ys is the fraction of binder that is Y . Equations (4b) and
(4c) are � ux conditions and the choices on the right-hand side are
made according to whether the surface is AP (® < Lx < 1) or binder
(0 · Lx < ®).

An important parameter is

¯ D LYs= LXs D ®X Ys=®Y Xs (5)

the ratio of the solid AP to solid binder required for stoichiometric
combustion.To see this, an amount of solidAP equal to ®X Ys gener-
ates ®X XsYs of X , and an amount of binder equal to ®Y X s generates
®Y Xs Ys of Y . ¯ is an assigned parameter, closer to 10 than to 1 for
real propellants, and we have typically made the choice ¯ D 7.

The actual supply ratio of AP to binder is .1 ¡ ®/=®, and this is
equal to ¯ if the supply is stoichiometric, corresponding to a value
of ®:

®s D 1=.1 C ¯/ (6)

Should ® be larger than ®s , the supply will be fuel rich; should ® be
smaller than ®s , the supply will be fuel lean.

It is clear that an arbitrary choice can be made for ®Y because
only the ratios LQ=®Y and ®X =®Y control the solution. Thus LYs can
be arbitrarily assigned, and for consistency with Ref. 14 we make
the choice

LYs D 0:4.1 C ¯/ (7)

This arises in a natural way in Ref. 14 because of the way the
equations are nondimensionalized there, different from what has
been done here.

With LYs assigned, LXs is determined by the choice of ¯ , and LQ
is chosen to generate a suitable � ame temperature. The Burke–

Schumann � ame temperature de� ned by two quarter-planes of
propellant11 is

LTBS D 1 C LQ LX s
LYs=. LXs C LYs/ (8)

and this can be used to select a suitable LQ .
Figures 2 and 3 show typical solutions, obtained for parameter

choices µ D 30, LQ D 5, ¯ D 7, ± D 0:1, Pe D 5, and ® D 1
8 : The � ame

Fig. 2 Constant density solution: X, Y, T, RR contours; µ = 30, ÏQ = 5,
¯ = 7, ± = 0.1, Pe = 5, ® = 1/8; RR contours: 3.5, 3, 2, 1, 0.5.

Fig. 3 Surface heat � ux
¡ @ ÏT/@ Ïy(Ïx; 0), constant
density solution (see Fig. 2).

is characterized by two strong mixing structures each centered at
j Lx j ¼ 0:2 and surface heat � ux concentrated at Lx D 0, the center of
the fuel binder, with little at Lx D 1, the center of the AP. As we noted
earlier, this makes clear the importance of the AP decomposition
� ame in determining the overall regression rate.

Variable Density Model
When full � uid-mechanicscoupling is accounted for, the system

of equations (2) is replaced by (with the checkmark dropped)

@F
@x

C @G
@y

D @Fv

@x
C @Gv

@y
C S (9)

where the convective � ux vectors are given by

F D ...½u; ½u2 C p=° M2; ½uv;

uf½e C [.° ¡ 1/=° ]pg; ½uY; ½u X///T

G D ...½v; ½uv; ½v2 C p=° M2;

vf½e C [.° ¡ 1/=° ]pg; ½vY; ½vX///T (10)

the diffusive � ux vectors by

Fv D
µ
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¹
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C ¹Sc

Pr Pe

@T
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;

¹
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@Y

@y
;

¹

Pe

@ X

@y

¶T

(11)

and the source term by

S D [0; 0; 0; 0; Q; ¡1; ¡1]T Ä (12)

The normal and shear stresses are

¿x x D 2¹Sc

Pe

µ
@u

@x
¡ 1

3

³
@u

@x
C @v

@y

´¶

¿yy D 2¹Sc

Pe

µ
@v

@y
¡ 1

3

³
@u

@x
C @v

@y

´¶

¿xy D ¹Sc

Pe

µ
@u

@y
C @v

@x

¶
(13)

and the internal energy equation and the equation of state are

e D T=° C [.° ¡ 1/=2]M2.u2 C v2/; P D ½T (14)

Finally, the reaction rate is

Ä D D XY e¡µ=T ; D D ±e20 (15)
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In addition to the scales used for the constant-density model, we
use the normal velocity at the surface V0 , the surface density ½0, the
pressure p0 D ½0 RT0, and the viscosity ¹0. Now the Peclet number
is Pe D ML=½0 D0 (constant), and other nondimensionalparameters
are the Schmidt number Sc D ¹=½ D (constant), the Prandtl number
Pr D ¹C p=k (constant), and the Mach numberM D V0=c0. M is the
dimensionalmass � ux½0V0 , andc0 is the speedof sound

p
.° p0=½0/.

In what follows we assume that the viscosity can have one of
three forms:

Constant:

¹ D 1

Power law:

¹ D T 0:7

Sutherland’s law:

¹ D aT
3
2
¯

.b C T /; a D 1 C b (16)

We shall compare results for all three cases, and for each case we
shall take the Prandtl number to be either 1 or 0.7. The Schmidt
number is always 1. The boundary conditions at the surface are as
before, together with

u D 0; v D 1 at y D 0 (17)

Fig. 4 Solution contours, variable density, ¹ = 1, M = 0.01, ° = 1.2,
Pr = Sc = 1, other parameters as in Fig. 2. RR contours: 3.3, 3, 2, 1, 0.5.

Fig. 5 Surface heat � ux
for Fig. 4 solution. The
broken line is the constant
density solution and is re-
produced in later � gures
for comparative purposes.

in the case of uniform mass injection, or

u D 0; v D 1 at y D 0; ® < jx j < 1

u D 0; v D 1=RM at y D 0; jx j < ®

(18)

when the injectionvelocity at the binder surface is differentfrom the
injectionvelocityat the AP surface.The rationalizationfor the latter
choice originates in the fact that the speci� c gravity of AP is 1.95,
that of a typical fuel binder 1.01 (Ref. 23) so that if we assume a � at
regressing surface the mass � ux through the AP surface is nearly
double that through the fuel surface, and RM should be assigned
the value 1.95/1.01. In practice, of course, the surface will only
be � at on average, and in due course we will need to account for
surface irregularities, but a nonuniform surface mass � ux is clearly
a component of a complete simulation. With the choice (18), the
stoichiometric value of ® is

®s D 1=.1 C ¯=RM / (19)

For the far-� eld conditionas y ! 1 we assume that u vanishes, the
pressure p D 1, and the y derivatives of all other quantities vanish.

Numerical Method
Because we are interested in low Mach-number � ows, we follow

the numerical strategy outlined in Tseng and Yang.24 To be more
precise, we � rst de� ne a reduced pressure

p D 1 C ° M2 p1.x; y; t/ (20)

Fig. 6 Solution contours: variable density, power-law viscosity, other
parameters as in Fig. 4. RR contours: 2, 1, 0.5.

Fig. 7 RR contours: var-
iable density, power-law
viscosity, Pr = 0.7, other
parameters as in Fig. 4;
RR contours: 1.5, 1, 0.5.
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and substitute into the equations of motion just given. The equation
of state now becomes

½ D
¡
1 C ° M2 p1

¢¯
T (21)

and is used to update the density.Next, we add a pseudo-timederiva-
tive term of the form

0
@Q
@¿

where Q D [p1; u; v; h; Y; X ]T (22)

to the governing equations, where ¿ is the pseudo-time, 0 is a pre-
conditioner matrix added to accelerate convergence, and h D T C
1
2 .° ¡ 1/M2.u2 C v2/ is the enthalpy. We then march the solution
to steady state (transient behavior has no meaning in pseudo-time).
The code is stopped when the relative differencebetween solutions
at two different time values is less than some prescribed tolerance,
taken here to be 10¡6.

All numerical calculations were performed on a 160 £ 100 grid,
uniform in the x direction and stretched in the y direction. Conver-
gence tests were carried out, and any further re� nement resulted in
less than 1% relative error.

Results
The � rst results we show are a test of the constant density model,

and so we have taken ¹ D 1, rather than one of the more realistic
choices. The general expectation is that the constant density model
does not lead to qualitative anomalies, but quantitative accuracy

Fig. 8 Surface heat � ux:
variable density, power-
law viscosity, Pr = 0.7,
1.0;other parameters as in
Fig. 4.

Fig. 9 Solutioncontours: variabledensity,± = 0.5,power-lawviscosity,
Pr = 0.7, other data as in Fig. 4.

is not expected. For the present problem, however, a comparison
of Fig. 4 with Fig. 2 reveals substantial qualitative agreement for
T; X; Y and the reaction rate (RR). This is becauseu, the transverse
velocity, is everywhere small so that the continuity equation forces
a nearly uniform mass � ux in the y direction. Absent some intro-
duction of signi� cant u variations by an applied shear,13 signi� cant
deviations of the surface normal from the y direction, etc., the con-
stant density model is accurate. Heat-� ux predictions, for example,
are in error by less than 10% (Fig. 5). In addition, the maximum
temperature for variable½ is 2.86 compared to 2.88 for the constant
density solution, and the maximum RR .RRmax) is 3.36 compared
to 3.60 for the constant density solution. Thus the qualitative con-
clusions reached in Ref. 14 cannot be doubted merely because the
constant density model was used.

An important corollary of these results is that we can, with rea-
sonablecon� dence, explorecertainaspectsof the three-dimensional
problem using the constant density model without fear of being led
astray on this account.

The adoption of a more realistic viscosity law affects the solution
of course, as there are then strong variations in all of the trans-
port coef� cients (¹; k; ½D) between the propellant surface and the
main body of the � ame. Figure 6 shows results that can be com-
pared to Fig. 4 except that a viscosity power law is adopted. The
differences appear modest for most variables, but now the maxi-
mum reaction rate is 2.12 (cf., 3.36 for Fig. 4). The differences
in the maximum temperature are less sharp, 2.77 for Fig. 6 com-
pared to 2.86 for Fig. 4. The RRmax ratio is 2.12/3.36 D 0.63, and the

Fig. 10 Surface heat
� ux: variable density,
power-law viscosity, vari-
ous ±, Pr = 0.7, other data
as in Fig. 4.

Fig. 11 Solution contours: uniform mass � ux, power-law transport;
RR contours: 2, 1, 0.5, cf. Fig. 6.
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Arrhenius factor ratio is exp[¡30=2:77 C 30=2:86]D 0:7, suggest-
ing that the differences in maximum reaction rate arise because of
differences in temperature.

Adjusting the Prandtl number has little affect on most of the
contours, or on the maximum temperature, but a reduction of Pr
to 0.7, all other parameters � xed at Fig. 6 values, reduces RRmax to
1.62 (Fig. 7).

Despite the signi� cant reduction in RRmax in these calculations
compared to that for ¹ D 1, and therefore a reduction in the max-
imum heat generation, the heat � ux to the surface is increased by
50% or more (Fig. 8). An effect of decreasing Pr is to � atten out
the distribution of this � ux. These results make it clear that careful
attention to modelingdiffusive tranportwill be important in detailed
simulations and is more important for the present geometry than an
accounting of two-way � uid coupling.

Fig. 12 Surface heat � ux:
A, full � uids model; B, con-
stant density but temp-
erature-dependent tran-
sport.

Fig. 13 Solution contours: nonuniform injection, ® = ®s [Eq. (19)],
¹ = 1, other parameters as in Fig. 4, RR contours: 3, 2, 1, 0.5.

Fig. 14 Surface heat � ux
for the solution of Fig. 13.

An increase in the Damköhler number ± to 0.5 increases the vigor
of the reaction and pushes the � ame closer to the surface (Fig. 9).
Now RRmax is 2.27, and Tmax is 2.49. There is a correspondingly
strong increase in the heat � ux, as shown in Fig. 10, which also
shows curves for ± D 0:2; 0:15, and 0.1.

Evidence that all of these solutions properly capture the low
Mach-number � ow� eld, that the computational strategy permits
calculations for arbitrarily small M, comes from comparing re-
sults for M D 0:01 (Fig. 9) with those for M D 0:001, all other
parameters � xed: M D 0:01: RRmax D 2:26896, Tmax D 2:48630,
p1max D 2:39787; and M D 0:001: RRmax D 2:26841, Tmax D
2:48626, p1max D 2:40483. (Recall that p D 1C° M2 p1 de� nes p1 .)

Calculations using Sutherland’s law do not differ signi� cantly
from those using the power law, and we merely note the following
values of RRmax and Tmax: 2.29 and 2.79 when Pr D 1; 1.73 and 2.69
when Pr D 0:7. (All other parameters as in Fig. 4.)

Constant Density, Temperature-Dependent Transport

Our results suggest that for the periodic propellant the use of
the constant-density model does not introduce serious errors. The
comparisonswe have made, however, are for constant transport co-
ef� cients (Fig. 5). It is of interest, then, to see if the same con-
clusion can be drawn for the more physically relevant case of
temperature-dependent transport. Figure 11 shows contours calcu-
lated when the mass � ux is taken to be uniform, but a power law
is adopted for the transport coef� cients, results which are to be

Fig. 15 Solution contours: nonuniform injection, power-law viscosity,
® = ®s , Pr = 0.7; RR contours: 1.2, 1, 0.8, 0.5.

Fig. 16 Surface heat � ux
for Fig. 15.
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compared directly to Fig. 6. The correspondingresults for the heat
� ux are compared in Fig. 12. For the uniform mass � ux RRmax is
2.2491, and the maximum temperature is 2.7951; for the full equa-
tions the corresponding results are 2.1175 and 2.7727. The differ-
ences are small.

Nonuniform Injection

We have carried out calculations similar to those just described
but with the choice [Eq. (18)] for which the normal velocity at
the fuel surface is ¼0:52 (but remains equal to 1 at the AP sur-
face). Results for ¹ D 1 (Fig. 13) show that the slow � ow accel-
erates and v becomes more or less uniform in the neighborhood

Fig. 17 RR contours, hills and valleys, case 1.

Fig. 18 RR contours, hills and valleys, case 1.

of the � ame, with a positive bulge at the centerline downstream
of the � ame. The � ame itself is substantially broadened compared
to the uniform injection case (Fig. 4), but the surface heat � ux is
sharply enhanced to the fuel binder only (Fig. 14) because of the
locally reduced Peclet number. RRmax is 3.13, compared to 3.60 for
uniform injection, and Tmax is 2.82 compared to 2.88 for uniform
injection.

A power-law viscosity weakens the � ame and increases the heat
� ux (Figs. 15 and 16). Moreover, the � ame more closely resem-
bles a plane de� agration here than it does for any of the other
computations.(A plane de� agration is characteristicof small Peclet
number calculations14). RRmax is 1.25 and Tmax is 2.53.
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Fig. 19 Surface heat � ux, hills and valleys, case 2.

Hills and Valleys

The � nal ingredient that we examine is that of a non� at surface.
Speci� cally, we suppose that the surface is located at

y D §² cos.¼ x/ (23)

the plus sign correspondingto a hill centeredon the binder at x D 0,
and the minus sign to a hill centered on the AP at jx j D 1. Calcu-
lations have been done for the parameters used in Fig. 2 for two
choices of mass � ux at the surface: 1) Mn , the normal mass � ux,
equal to 1; 2) Mn D cos.®/ on the AP, Mn D 1=RM cos.®/ on the
binder, where ® is the surface slope, tan.®/ D ¨¼ sin.¼ x/. In both
cases the tangential velocity is zero. For case 1, mass conservation
at the surface implies that the shape is changing. Case 2, on the
other hand, corresponds to a constant regression of the surface at
constant speed with unchanging shape. This is the probable late-
time scenario for the periodic propellant, albeit with a shape that is
determined by the gas/solid coupling and the surface physics, not
assigned.

Figures 17 and 18 show results for case 1, for different values of
² . The vertical scale is greater than the horizontal scale. Figure 17
reveals not only signi� cant effects on the shape of the � ame, but
also on the maximum reaction rate. When ² D 0 all eight contour
values are realized so that RRmax > 3; but when ² D 0:3, only four
are realized so that 1:5 > R Rmax > 1. Signi� cant effects are also
seen in Fig. 18. The general trend is similar for case 2, and we
show the impact on the surface heat � ux in Fig. 19. Our focus in the
variety of calculations reported here has been on the surface heat
� ux because this drives the regression. Figure 19 suggests strongly
that a completesimulationof heterogeneouspropellantburningwill
not be accurate if surface unevenness is ignored.

Conclusions
There has been a great deal of interest in the past three decades

and more in the details of heterogenouspropellant combustion, but
most modeling efforts have been one dimensional in nature, and
those that are not have not been examined using numerical tools.
Here, for the � rst time, we present two-dimensionalcalculationsfor
a model that incorporates key ingredients of the combustion � eld
with a full accounting of the � uid mechanics.

This is a sequel to earlier work14 in which the Navier–Stokes
equations were not used, and a constant mass � ux was assigned.
Important qualitative conclusions were drawn in the earlier work,
and what we have shown here is that allowing for the in� uence of
the thermal expansion on the � ow� eld has little effect on the so-
lution when the surface is � at and the surface � ux is uniform. We
are presentlyengaged in calculatingthe three-dimensionalcombus-
tion � eld supported by a propellant with two-dimensional surface
variations, and the present results suggest that we will not have to
include the � uid-mechanicscouplingto draw usefulqualitativecon-
clusions. In this case the reduction in required computing resources
is substantial.

Far more important than an accounting for the � uid-mechanics
coupling is an accounting of temperature-dependent transport. If
a power law or Sutherland’s law is adopted for the viscosity-
temperaturedependence,with correspondingvariationsof the other
transport coef� cients, there is a signi� cant increase in the heat � ux
to the propellant surface, a reduction in the maximum temperature,
and a decrease in the maximum reaction rate.

It is tempting to consider modeling the propellant burning by as-
suming a � at surface and a uniform mass � ux from that surface, as
this is a substantialsimpli� cation. However, our results suggest that
this could lead to serious quantitative error. Variations in mass � ux
associated with the density differences in the constituents (which
therefore do not have a zero average) can strongly affect the com-
bustion � eld. Surface unevenness likewise can have a large impact.
Models which do not account for these phenomenamight be useful,
but results obtained from them should be interpreted with care.
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